We discuss a Lattice QCD mixed action investigation employing Wilson maximally twisted mass sea and overlap valence fermions. Using four values of the lattice spacing, we demonstrate that the overlap Dirac operator assumes a point-like locality in the continuum limit. We also show that by adopting suitable matching conditions for the sea and valence theories a consistent continuum limit for the pion decay constant and light baryon masses can be obtained. Finally, we confront results for sea-valence mixed meson masses and the valence scalar correlator with corresponding expressions of chiral perturbation theory. This allows us to extract low energy constants of mixed action chiral perturbation which characterize the strength of unitarity violations in our mixed action setup.
Introduction
there are unitarity violations the size of which is unknown a priori and should be determined. Also, the eigenvalue spectra of the sea and valence lattice Dirac operators are not matched, which can lead to problems especially for the zero mode contributions of the chiral invariant overlap Dirac operator. In addition, the locality property of the overlap Dirac operator [14] needs to be determined in order to see whether hadronic quantities could be affected by finite values of the exponential decay rate. All these aspects demand therefore a principal investigation of a mixed action before large scale simulations can be started.
In this paper, we want to report on one such basic mixed action analysis 2 , namely using maximally twisted mass fermions [25] in the sea sector and overlap fermions in the valence sector. In a previous work [26, 27] , a first study of this mixed action setup has been performed and particular difficulties with such an approach have been reported, which arise from the fact that the exact zero modes of the overlap valence Dirac operator are not matched exactly by the sea quark twisted mass Dirac operator. This phenomenon appears at typical values of the lattice spacing currently used in simulations, i.e. 0.04fm a 0.1fm. In such a situation, special care must be taken, in particular in the way the sea and valence quark theories are matched.
Here we want to extend the analysis of Ref. [27] in several directions. The first is that we add a new and finer value of the lattice spacing than available in Ref. [27] to the analysis of the continuum limit scaling test of the pion decay constant. As we will discuss below, the results of the analysis with this new value of the lattice spacing confirm the findings of Ref. [27] and strengthen the conclusion that there are critical values for the pion mass and the physical volume below which simulations can strongly suffer from the effects of the mismatch of the zero modes between sea and valence sectors. We will also demonstrate that the improved matching condition, suggested in Ref. [27] , indeed works well for the continuum limit of the pion decay constant and the nucleon and ∆ masses which are new observables added to the study of the properties of the mixed action we are considering here.
As a second aspect, we want to show that the overlap Dirac operator, which is only exponentially localized at non-zero lattice spacing [14] , reaches the expected point-like locality property in the continuum limit. We will use four values of the lattice spacing to perform such a continuum limit extrapolation and, in particular, compare the localization range of the overlap Dirac operator with hadronic scales, i.e. the pion and the nucleon masses. To our knowledge, this is the first unquenched continuum limit study of the locality properties of the overlap Dirac operator.
As a third and also new investigation, we study the meson masses constructed in the mixed action theory and confront them with expressions of mixed action chiral perturbation theory. This allows us to compute a number of low energy constants of the mixed action effective chiral Lagrangian. In addition, we will look at the non-singlet scalar correlator to test for possible unitarity violation which are inherent in mixed action simulations, as mentioned above.
The main goal of the paper is to provide a basic and principal investigation of a mixed action employing overlap fermions in the valence sector. The results of this investigation can and will help any further calculation aiming at computing physical quantities in that it provides important information on the properties of mixed actions which can help to perform safe simulations in the future.
The outline of the paper is as follows. Sec. 2 discusses some theoretical aspects of our setup and gives parameters of our lattices. In Sec. 3, we look at the continuum limit behaviour of the locality of the overlap Dirac operator. Sec. 4 reports the results of our new and finest lattice spacing by including them in a continuum limit scaling test of the pion decay constant. In Sec. 5, we discuss mixed meson masses and unitarity violations in the non-singlet scalar correlator. In Sec. 6, we employ our mixed action setup in the baryon sector and perform a continuum limit scaling test for nucleon and ∆ masses. Sec. 7 concludes and summarizes our main findings.
Simulation setup

Overlap Fermions
The fundamental Nielsen-Ninomiya theorem [1, 28] , formulated in 1981, apparently excluded the possibility of simulating chiral fermions on the lattice, without violating essential properties, such as the absence of doubler modes or the locality of the theory. However, already in 1982 it was shown by Ginsparg and Wilson [3] that a remnant of chiral symmetry is present on the lattice without the doublers, if the corresponding lattice Dirac operatorD obeys an equation now called the Ginsparg-Wilson relation:
For many years, though, no practical solution to this equation had been known. The situation changed in the second part of the 1990s when the Ginsparg-Wilson relation was reconsidered and its conceptional advantages pointed out [4, 6, 8, 9] . Moreover, in Ref. [2] the key observation was made that any lattice Dirac operator satisfying the Ginsparg-Wilson relation leads to an exact chiral symmetry at non-vanishing value of the lattice spacing.
Neuberger found a particular closed form of a lattice Dirac operator Dcalled overlap Dirac operator -that obeys the Ginsparg-Wilson relation and that can be employed in practical simulations. The massless overlap Dirac operator is given by 3 [8, 9] :
In the kernel operator A we choose the standard Wilson-Dirac operator:
where s is a parameter which satisfies |s| < 1 and can be tuned to optimize locality properties [14] (see Sec. 3 for a detailed test of locality in our setup). The Wilson-Dirac operator is defined by:
where m 0 is the bare Wilson quark mass and ∇ µ (∇ * µ ) are the forward (backward) covariant derivatives. The massive overlap Dirac operator with the bare overlap quark mass m ov reads:
The most important property of overlap fermions is the fact that chiral symmetry in a lattice modified form can be established with very important consequences, among them the absence of O(a) lattice artefacts.
From the technical side, an important feature of overlap fermions is that the explicit construction of the overlap Dirac operator involves an approximation (in our case the Chebyshev polynomial approximation) of the operator (A † A) −1/2 that needs to be realized up to machine precision, in order to consider the lattice chiral symmetry to be exact. This leads to a large computational cost of overlap fermions, around two orders of magnitude larger than of e.g. Wilson twisted mass fermions. For a comparison of overlap and Wilson twisted mass fermions in terms of computing cost, we refer to [29] .
Further problems occur in simulations with dynamical overlap fermions. The overlap Dirac operator develops discontinuities when changing topological sectors and the proposed solutions to alleviate this problem [30, 31, 32, 33] lead to a further growth of the computational cost. The discontinuity problem can also be avoided by fixing topology [34, 35] , which, however, still needs very computer time expensive simulations and introduces additional O(1/V ) finite volume effects. The mixed action approach, which uses computationally cheap sea quark simulations on which then valence overlap quarks are evaluated, is another way of avoiding the large computational costs of dynamical overlap simulations. This is the setup considered in this paper. Of course, in this approach exact chiral symmetry is only realized in the valence sector.
Since the pseudoscalar decay constant will play an important role in the following, we discuss this observable here. For overlap fermions, the pseudoscalar decay constant f ov π can be extracted using the PCAC relation and does not require the computation of any renormalization constants (see e.g. Ref. [36] ):
where m ov π is the mass of the charged pseudoscalar meson and | 0|P |π ov | the matrix element of the pseudoscalar current, both extracted from the twopoint pseudoscalar correlation function C PP (t), built of two mass-degenerate overlap valence quarks.
Wilson Twisted Mass Fermions
Wilson Twisted Mass (tm) fermions [37] were originally introduced to deal with the problem of unphysically small eigenvalues (zero modes) of the WilsonDirac operator. As pointed out in Ref. [25] an essential advantage of this formulation of lattice QCD is also the possibility to obtain automatic O(a)-improvement, by tuning just one parameter -the bare Wilson quark mass to its critical value. This property has been confirmed in detailed continuum limit scaling studies in the quenched approximation [38] and with two dynamical quarks [39] . What is more, the twisted mass discretization can reduce the effects of explicit chiral symmetry breaking by the Wilson term in the renormalization process. In fact, the problem of operators belonging to different chiral representations can be suppressed or even avoided in this formulation. Among the disadvantages of this formulation are the explicit breaking of parity and isospin symmetry, being, however, O(a 2 ) cut-off effects [25, 40, 41, 42, 39] , which were observed to be substantial only in the neutral pion mass.
Twisted mass fermions are obtained by adding a chirally rotated mass term to the Wilson-Dirac operator in Eq. (4) in the following way:
where µ is the twisted mass parameter and τ 3 is the third Pauli matrix acting in flavour space. A comprehensive simulation programme has been undertaken by the European Twisted Mass (ETM) collaboration, including simulations with dynamical up and down quarks (N f = 2) [43, 44, 39] and with dynamical up, down, strange and charm quarks (N f = 2 + 1 + 1) [45, 46] .
The charged pseudoscalar meson decay constant can be obtained in a similar way as in the case of overlap fermions, without the need to compute any renormalization factors:
where m tm π is the pseudoscalar meson mass and | 0|P |π ± tm | the matrix element of the pseudoscalar current, both extracted from the two-point pseudoscalar correlation function C PP (t), built of two mass-degenerate tm valence quarks.
Mixed action setup
Our mixed action setup consists of two mass-degenerate flavours of Wilson twisted mass quarks at maximal twist in the sea sector and overlap valence fermions. The parameters of our dynamical ensembles are provided in Tab. 1. The ensembles were generated by the ETM Collaboration [39] , using the tree-level Symanzik improved gauge action and N f = 2 flavours of twisted mass fermions, tuned to maximal twist by setting the hopping parameter κ = 1/(8 + 2am 0 ) to its critical value, at which the PCAC quark mass vanishes [43] .
The light-quark ensembles, labeled in Tab. 1 with a subscript ℓ, correspond to a fixed physical situation with roughly fixed pseudoscalar meson mass m π r 0 ≈ 0.8 (where r 0 is the Sommer parameter [47] ) and lattice size L ≈ 1.3 fm. The non-perturbatively renormalized [48] quark mass µ MS q (µ = 2 GeV) ≈ 20 MeV, which in infinite volume gives a pseudoscalar meson mass of around 300 MeV. The chirally extrapolated values of the Sommer parameter for our ensembles are r 0 /a = 5.25(2) at β = 3.90, r 0 /a = 6.61(2) at β = 4.05 and r 0 /a = 8.33(5) at β = 4.20, which corresponds to lattice spacings a ≈ 0.079 fm, a ≈ 0.063 fm and a ≈ 0.051 fm, respectively [39] . At β = 4.35, we only have one sea quark mass available, which yields r 0 /a = 9.82(4) and a lattice spacing a ≈ 0.042 fm.
For our investigations of locality (Sec. 3), we use ensembles with L/a = 32 at: β = 3.9, aµ = 0.004 (ensemble B ℓ,32 ), β = 4.05, aµ = 0.003 (C ℓ,32 ), β = 4.2, aµ = 0.0065 (with a heavier quark mass, ensemble D h,32 ) and β = 4.35, aµ = 0.00175 (E ℓ ). In addition, we use two additional volumes at β = 3.9, aµ = 0.004 (with linear lattice extent of 0.6 fm (B ℓ,8 ) and 1.6 fm (B ℓ,20 )), to check finite size effects in the context of locality.
We have also used one small-volume ensemble with a heavier quark mass, labeled as B h . It corresponds to the same lattice size and lattice spacing as B ℓ , but the renormalized quark mass is µ MS q (µ = 2 GeV) ≈ 40 MeV, which corresponds to m π r 0 ≈ 1.0 and a pseudoscalar meson mass m π ≈ 450 MeV in infinite volume.
Finally, to explicitly check whether one is safe against the effects of zero modes of the overlap operator, discussed in Ref. [27] , we have also considered an ensemble B s that corresponds to a physical extent of the lattice of L ≈ 2 fm and a rather heavy renormalized quark mass of µ MS q (µ = 2 GeV) ≈ 45 MeV, which yields m π r 0 ≈ 1.0 and a pseudoscalar meson mass of m π ≈ 480 MeV in infinite volume. For this ensemble, m π L ≈ 4.7 and hence the effects of zero modes should be very much suppressed [27] .
Our setup for the overlap fermion valence sector has been described in detail in Ref. [49] . Here we only briefly mention that we performed one iteration of HYP smearing [50] of gauge links to reduce the condition number of A † A. To assure the best locality properties, we set s = 0 in Eq. (3) (for details, see the next section).
We have produced all-to-all overlap and twisted mass propagators for a wide range of quark masses, which allowed us to compute three types of correlation functions: sea-sea (unitary tm), valence-valence (overlap) and valence-sea (mixed overlap-tm).
Locality of the overlap operator
The aim of this section is a comprehensive investigation of the locality of the overlap lattice Dirac operator. We will use ensembles at four values of the lattice spacing, which will allow us to perform a continuum limit study of the effective decay rate of the overlap operator to see whether indeed pointlike locality is recovered in the continuum limit. We will also investigate the influence of the parameter s in Eq. (3), as well as finite size effects, for which we use four different physical volumes. Finally, we will perform a comparison of the decay rate with hadronic scales of the theory, in particular the pseudoscalar and the nucleon masses, in order to achieve a quantitative measure for the decay rate relative to physical scales. Such a comparison is clearly of importance: as long as the decay rate is smaller than, say, a hadron mass, computations with the overlap operator are not very useful. If, as expected, the overlap operator converges in the continuum limit to the Dirac operator with point-like locality, there must exist a value of the lattice spacing, where the decay rate is much larger than the hadronic scale. It is therefore one goal of this paper to determine the ratio of the hadronic mass and the decay rate and to determine this ratio at the values of the lattice spacings used here.
In this section, we will closely follow the investigation of the locality property of the overlap operator of Ref. [14] . While for small enough values of the lattice spacing, the locality of the overlap operator can be analytically proven, for coarser values the locality property needs to be determined numerically. In fact, in Ref. [14] it has been demonstrated that the locality property can be maintained to rather coarse values of the lattice spacing of about a ≈ 0.1 fm, which has been pushed to even coarser values of a ≈ 0.2 fm in [51] . Since the values of the lattice spacings employed in this work are all below 0.1 fm, we expect that the valence overlap operator is exponentially localized for all ensembles considered, an expectation which will be confirmed below.
Effective decay rate
It is clear that the overlap Dirac operator (denoted D in this section) is not local in a geometrical sense, which would mean that there exists a finite ξ such that the following requirement is fulfilled:
D(n, m) = 0 for all points n, m such that n − m > ξ, for some norm · to be defined below. However, from the point of view of continuum limit behaviour of physical quantities, such geometrical locality is not necessary. It is sufficient if the Dirac operator D(n, m) decays exponentially fast, i.e.:
with some decay rateρ (in lattice units, with corresponding physical decay rate ρ =ρ/a) and normalization factor C. For the norm in Eq. (9), we use the taxi-driver distance for periodic boundary conditions:
where N µ is the number of lattice sites in direction µ. We also define the norm of the operator as the row sum norm:
where µ, ν denote the Lorentz indices and a, b the colour indices. For the same value of the taxi-driver distance, the operator norm can take several values. Hence, we also define the maximum norm:
From now on, we will only consider the maximum norm, since it corresponds to the most restrictive case, i.e. proving locality using the maximum norm implies locality for any other choice of the norm.
Continuum limit analysis
In this subsection, we will perform a continuum limit scaling test of the decay rate of the overlap operator using ensembles B ℓ,32 , C ℓ,32 , D h,32 , E ℓ of Tab. 1. These ensembles correspond to four lattice spacings, at different physical volumes, but keeping constant the lattice size L/a = 32. The Dirac operator is local if it fulfills Eq. (10). We define the effective decay rateρ eff as follows:
Larger values of the decay rate imply better locality properties.
The full decay property of the overlap operator, including small distances, is determined by a sum of exponential decays with corresponding decay rates:
Therefore, the desired decay rate is only attained at asymptotically large distances, where the effective decay rateρ eff will be constant as a function of the taxi-driver distance.
In Fig. 1 , we show the effective decay rate as a function of the taxi-driver distance for four different values of the lattice spacing. Our typical statistics was around 50 configurations well separated in Monte Carlo time. In order to observe the expected plateau-like behaviour ofρ eff , it is necessary to have a large value for L/a. If L/a is too small, the signal is dominated by hypercubic artefacts and the extracted values of ρ are not reliable. We have studied this effect in free-field theory, for different values of L/a and we have concluded that L/a = 32 is necessary to observe a stable plateau of the effective decay rate (see Sec. 3.5 for details).
Moreover, from Fig. 1 it is clear that the determination of the effective decay rate is not straightforward, i.e. the observed large fluctuations have to be taken into account in the analysis as a systematic error. To this end, we follow the strategy of Refs. [39, 52] . As a first step, we fit the effective decay rates obtained at different values of the taxi-driver distance to a constant, including at least 4 consecutive points. For this, we fit the value of the decay rate and the corresponding statistical error using a jackknife procedure. For each fit, we also compute the corresponding value of χ 2 and the confidence level CL, defined as: where d.o.f. denotes the number of degrees of freedom for a given fit and γ(q/2, n/2) is the lower incomplete Gamma function.
In this way, we obtain a large sample of fitted values of the effective decay rate from which we can construct weighted distributions using two kinds of weights, the confidence level (CL) or a function of χ 2 which we choose as
-thus damping the influence of bad fits. From this weighted distribution, we extract the mean and the median of the distribution. In practice, for our final values of the effective decay rates (shaded entry in Tab. 2), we look for the "best fits", i.e. the ones closest to the mean and median of the weighted distribution and satisfying the constraint that their confidence level is at least 80%. The statistical error is then the jackknife error of the best fit, while the systematic error is given by the 68.3% confidence interval of the weighted distribution. The final error is computed by adding both errors in quadrature. We also analyzed the effect of adding a cut in the x axis in order to avoid possible finite volume effects at large values of the taxi driver distance (cut at x = L or
, i.e. the maximum distance in a L 3 × (2L) box in the continuum, with periodic boundary conditions), and we found results that are fully compatible with the ones without the cut, however, with a decrease of the systematic error.
Combining all these possibilities to extract the effective decay rate by using the mean and median from the weighted distribution (labeled mean and median in Tab. 2) using either the confidence level or χ 2 /d.o.f., mean and median from "best fit" labeled fit(mean) and fit(median) in Tab. 2), we thus have in total 8 different ways of computing the effective decay rate and its statistical 4 and systematic error, see Tab. 2. In Fig. 2 , we show the comparison of the final results for the effective decay rate obtained using these 8 different methods, for the case of the ensemble E ℓ . All methods lead to compatible results both in the central value, as well as in the total error, which gives us confidence that we indeed have the systematic errors of the effective decay rate under control.
For the continuum limit scaling test of the effective decay rate, we decided to use method 4 of Tab. 2, taking the value for ρ that yields a fitted ρ as close as possible to the median of the CL-weighted histogram. However, we want to emphasize that all other variants would be equally good choices.
Before discussing the numerical results for the effective decay rate, we show in Fig. 3 the exponential decay of the maximum norm of the overlap Dirac operator as a function of the taxi-driver distance. We use four different lattice spacings, ranging from 0.079 to 0.042 fm, while keeping the value of L/a = 32 fixed, as discussed above. We observe that decreasing the lattice spacing leads to an increasing slope of D ov max . This signals the continuum limit restoration of point-like locality.
In Tab. 3, we summarize the results obtained for the values of the decay rate ρ, together with their statistical, systematic and total errors. As already suspected from Fig. 1 the total error is dominated by the systematic part.
Using data from Tab. 3, we perform the continuum limit scaling test of the inverse decay rate (locality radius) 1/ρ. The values at non-zero lattice spacings can be interpreted as the physical length that correspond to the slowest decrease of the Dirac operator norm. The value of the locality radius extrapolated to a = 0 is 0.007(9) fm, i.e. compatible with zero. Thus, in the continuum limit, point-like locality is indeed restored. If we consider the lattice artefacts and therefore perform a fit adding a term quadratic in a, instead of a simple linear fit, we obtain a compatible result: -0.002 (37) fm, but with a much larger error, indicating that we are not sensitive to O(a 2 ) cut-off effects in the effective decay rates. 
Comparison of decay rates and hadron masses
The relevance of the decay rate ρ of the overlap operator can be quantified when compared to the size of a hadron. The locality radius, r loc = 1/ρ, is expected to be sufficiently smaller than the hadron size in order to extract the hadron mass without being affected by non-locality problems. To illustrate this point, we consider the approximation in which the size of the hadron is related to the inverse of its mass m. There is a similarity of the asymptotic exponential decay of zero-momentum correlation functions (with Euclidean time) and the likewise asymptotic exponential decay of the overlap Dirac operator norm (with taxi-driver distance). At large Euclidean time or taxi-driver distance one finds (barring effects from periodic boundary conditions):
where m corresponds to the mass of the lightest hadron with given quantum numbers andρ eff denotes the effective decay rate. In this simplified picture, in order to have an extraction of a hadron mass which is not influenced by a possibly too slow decay rate of the overlap operator, the decay rate is expected to be larger than the measured hadron mass:ρ > ma.
In terms of the Compton wavelength of the hadron λ C = 1/m and the locality radius r loc = 1/ρ we want λ C > r loc . When the condition λ C > r loc is met, once we have reached the asymptotic Euclidean time region to extract masses, the norm of the overlap operator has decayed already sufficiently strongly such as not to influence the hadron mass measurement.
We now show that the condition λ C > r loc is indeed satisfied in our mixed action simulations, considering the masses of the lightest particles in the meson and baryon sectors. We take the unitary values of the pion and nucleon mass, given in Ref. [53] . Since we match the pion mass in our mixed action setup, the values of the pion mass are the same as in the unitary setup, by definition, whereas the masses of the nucleon can differ from the unitary ones by O(a 2 ) effects. These turn out to be very small in practice -see Sec. 6 for details. We summarize the values for the pion mass, the nucleon mass, the decay rate and the ratios of the masses and the decay rate in Tab. 4.
In Fig. 5 , we show the ratio am/ρ as a function of the lattice spacing a in a fixed physical situation, see above. Both for the cases of the pion and the nucleon masses, the values of the ratio are below one (slightly above one in the case of the nucleon at β = 3.9) and the continuum limit value is compatible with zero. This suggests that the overlap Dirac operator is sufficiently local in our mixed action setup to allow for a clean computation of these masses. However, working at a coarser lattice spacing or considering heavier hadrons, one could enter the regime where the size of the hadron of interest is smaller than the locality radius. When using overlap fermions, it is thus crucial to monitor that the locality radius is sufficiently smaller than the hadron size for all the values of the lattice spacing which are being considered. 
Dependence on the s parameter
The overlap Dirac operator is constructed from the Wilson Dirac operator taken at large negative mass shift, depending on the s parameter (see Eq. (3)), which has to fulfill |s| < 1, as shown in Ref. [54] . In this subsection, we analyze the influence of the s-parameter on the decay rate ρ of the overlap operator norm. This allows to choose the optimal value of s for simulations, i.e. the one that gives the highest value of ρ. We compare the case when our gauge field configurations were HYP smeared (1 iteration) -which is the case for the results in the previous sections -with the one of un-smeared configurations. Since HYP smearing brings the plaquette values closer to unity and lifts the low-lying eigenvalues of the kernel Wilson-Dirac operator, improved locality can be expected and is one of the motivations of using HYP smearing in our mixed action setup.
In Fig. 6 , we plot the dependence of the norm of the overlap Dirac operator on the taxi-driver distance, for the ensemble with the coarsest lattice spacing B ℓ . We compare several values of the s parameter for HYP smeared and original, non-smeared configurations. In all cases, we observe an exponential decay, with a significant dependence on the s parameter. The resulting values of the decay rate ρ, which are extracted using the strategy described above, are shown in Fig. 7 . For the case of HYP smeared configurations, the optimal value of s is the free-field optimal value s = 0, in accordance with Ref. [55] , while for the original configurations s = 0.4. In general, we see a strong dependence of ρ on the s-parameter and it seems from Fig. 7 that the main difference between HYP-smeared and non-smeared gauge field configurations is solely a shift in the s-parameter. In particular, within the errors, there seems to be no clear gain of using smeared or non-smeared configurations for the effective decay rate. Nevertheless, we do observe that in the HYPsmeared case the norm of the Dirac operator D ov reaches lower values for the same values of the taxi driver distance than in the Non-HYP smeared case, as is shown in Fig. 6 . 
Finite Volume Effects
Since our locality analysis was performed for different physical volumes (from ca. 1.3 to 2.5 fm), it is natural to ask whether some of these volumes are not too small for a reliable calculation of the decay rate. In order to see whether finite size effects affect the results for the decay rate, we extended our analysis for ensembles B ℓ,32 , C ℓ,32 , D ℓ, 32 and E ℓ to the corresponding ensembles with smaller physical volumes: B ℓ,8 , B ℓ , B ℓ,20 , C ℓ and D ℓ .
We illustrate in Fig. 8 the outcome of this analysis by comparing results for ensembles C ℓ and C ℓ,32 (although they are practically the same at other values of β). The upper plots show that in both cases we observe an exponential decay of the overlap Dirac operator norm. However, as the lower plots show, for the case of L/a = 20, we observe no plateau of the effective decay rate and hence we cannot perform meaningful fits and extract a reliable value of the decay rate 5 . Further investigation of the problem in free-field theory for several values of L/a indicates the presence of large hypercubic artefacts, reaching taxi-driver distances as large as x /a ≈ 20. Moreover, it is natural to expect that at x /a ≈ L/a finite volume effects start to be- In the lower left plot, we observe no plateau. In the right plot, the plateau is present and hence we can perform meaningful fits. come large. Hence, the plateau region of the effective decay rates is located approximately between x /a = 20 and 32, as observed in the lower right plot of Fig. 8 . This conclusion is valid for all values of β, as can be seen in Fig. 1 and it motivated our choice of L/a = 32 for all lattice spacings, rather than keeping the physical extent L fixed. Indeed, we observe that the decay rate does not depend in a significant way on the volume once the lattice size is sufficiently large. Therefore, for the range of lattice spacings considered in this work, we expect that the finite size effects in the decay rate are negligible when working on L/a = 32 lattices. We have also checked that performing the continuum limit with the physical volume fixed to 1.3 fm yields a compatible result, but with much worse precision, due to large hypercubic artefacts for L/a = 16 (β = 3.9) and L/a = 20 (β = 4.05).
Pion decay constant and the role of the zero modes
In Ref. [27] , we have reported the results of a continuum limit scaling test of the pion decay constant f π , using maximally twisted mass (MTM) sea fermions and two kinds of valence quarks: MTM (unitary setup) and overlap (mixed action setup). In the mixed action setup, both kinds of fermion actions were matched, using the pion mass or by employing alternative matching conditions. While in the matched mixed action setup the value of f π (or any other observable) at finite lattice spacing might be different for two different fermion discretizations, one expects that this difference vanishes in the continuum limit, provided that the matching conditions were chosen properly. Let us shortly summarize the findings of Ref. [27] . In order to compare the continuum limit of f π for the unitary and the mixed action setups, we matched them by employing several matching conditions.
1. Naive matching condition -we extracted the pion mass from the correlator constructed from the pseudoscalar interpolating field (PP correlator C P P (t)) for both MTM and overlap valence quarks. We defined the matching point as the overlap valence quark mass that yields the same PP correlator pion mass as in the unitary case.
2. Improved matching condition -the unitary pion mass was extracted from the PP correlator, but the overlap valence pion mass was extracted from a correlator defined as C P P −SS (t) = C P P (t) − C SS (t). In such a correlator (PP-SS correlator), the effects of zero modes exactly cancel, since zero modes couple in the same way to the pseudoscalar and scalar correlators. We defined the matching point as the overlap valence quark mass that yields the same PP-SS correlator pion mass as the PP correlator pion mass of the unitary case.
3. Alternative matching condition -matching was performed using the PP correlator, but at a heavier quark mass, using partially quenched MTM data. In this way, one also suppresses the effects of zero modes, since their leading contribution is proportional to the squared inverse quark mass.
For the regime of parameters that we had chosen, we found that using the naive matching condition leads to incompatible continuum limits for r 0 f tm π and r 0 f ov π , if both are extracted from the PP correlator. This was attributed to the effects of zero modes that couple strongly to this correlator when Table 5 : The pseudoscalar masses and overlap matching quark masses for different ensembles and different matching conditions. Results for ensembles B ℓ , C ℓ and D ℓ are taken from Ref. [27] . The ensemble E ℓ at a very fine value of the lattice spacing has been newly analyzed in this work.
overlap valence quarks are used. These zero mode contributions are not matched by the MTM sea quark action, at least not at the values of the lattice spacing used in Ref. [27] . To test this hypothesis, we employed the improved matching condition and extracted f ov π from the PP-SS correlator. In this way, we found compatible continuum limits. By investigating the three matching conditions described above, we finally concluded that each of them can lead to compatible continuum limits of f tm π and f ov π , provided that the latter is extracted from the PP-SS correlator, which does not have the contribution of zero modes.
The aim of the remainder of this subsection is to update this analysis with the fourth lattice spacing (ensemble E ℓ at β = 4.35). We followed the same procedure as in the case of the coarser lattice spacing ensembles (B ℓ , C ℓ , D ℓ ) -we extracted the quark mass dependence of the overlap pion mass from the PP-SS correlator and found the matching mass, employing thus the improved matching condition. The values of the matching mass, employing different matching conditions are summarized in Tab. 5. At this matching mass, we computed the pion decay constant f ov π from Eq. (6) and compared it to the unitary value f tm π , computed from Eq. (8). The results for our 4 lattice spacings are presented in Fig. 9 .
We obtained a result which is fully consistent with our finding in Ref. [27] . Both the unitary setup and the mixed action setup lead to compatible continuum limits (compatible between themselves and with the values found in Ref. [27] ). Let us emphasize again that the continuum limits are compatible only when f ov π is extracted from the PP-SS correlator, i.e. when the contribution of zero modes is removed. The necessity of using proper matching conditions as found in our work should, in our opinion, be taken into account for any calculation in a mixed action setup which uses chiral invariant fermions in the quark sector.
In order to further corroborate this conclusion we also tried the naive matching condition, using solely the PP correlator, for a larger volume with L ≈ 2 fm and a pion mass of m π ≈ 480 MeV, i.e. the ensemble B s of Tab. 1. For this ensemble, we could observe a significant drop of the difference between f ov π and f tm π from about 40% for the small volume and small pion mass to about only 8% for the ensemble B s . Details of this analysis are presented in Appendix A.
Low energy constants of mixed action chiral perturbation theory
Pseudoscalar meson masses and ∆ M ix
The chiral Lagrangian including O(a 2 ) corrections for a mixed action with twisted mass sea and Ginsparg-Wilson valence quarks can be derived from the twisted mass chiral Lagrangian [56, 57, 58, 59, 60] . In this section we will use the expressions of Ref. [61] . They contain the Wilson chiral perturbation theory (χPT) low energy constants (LECs) W 0 , W ′ 6,7,8 as well as an additional LEC, W M , appearing in a mixed action. A dependence on the twist angle ω 0 , defined by atan(ω 0 ) = µ/m 0 is also present.
Considering the power-counting a 2 ∼ m leads to the following leading order (LO) expressions for sea and valence quark mass dependence of the light pseudoscalar meson masses [62, 63, 64, 61, 65, 66] (we set ω 0 = π/2):
where the convention for the pion decay constant in the chiral limit f is such that f π is 132 MeV, B 0 is a low energy constant related to the chiral condensate: B 0 = −2 0|ūu|0 /f 2 [67] ,â = 2W 0 a, M SS,± is the charged seasea (SS) meson mass, M SS,0,conn the neutral sea-sea meson mass computed solely from the quark-connected contributions and M VV , M VS are valencevalence (VV) and valence-sea (VS) meson masses, respectively.
Rearranging the above expressions, one can find the relation between the dimensionless combination of LECs (r An alternative parametrization of the VS meson mass [62, 63, 64] is:
The relation between (W M − 2W ′ 8 ) and ∆ M ix is the following:
For our ensembles B ℓ , C ℓ , D ℓ and B h , we have computed the pseudoscalar correlation functions for mesons constructed from two MTM quarks (SS,±), two overlap quarks (VV) and a combination of one MTM and one overlap quark (VS). We will call the latter mixed correlators. From each of these correlators, we have extracted pseudoscalar meson masses. The dependence of these masses (M SS,± , M VV and M VS , respectively) on the quark mass is shown in Fig. 10 . Since the combination of LECs (r 
between our light sea quark ensembles, labeled with the subscript ℓ, is very small, suggesting that lattice spacing effects are rather small, at least within the precision we could reach here.
As our final values for (r 
We show the values at the matching point M VV = M SS,± (the matching quark mass is given in the column am ov ) and from the constant fit to 2(aM VS ) 2 − (aM VV ) 2 + (aM SS,± ) 2 for the whole quark mass range shown in Fig. 11 . The last column is ∆
1/4
M ix in MeV, for which the first error is statistical and the second one the systematic error of conversion to MeV, coming from uncertainties in the values of lattice spacings.
as the weight). This yields: (6)(14), (21)(50) 
Unitarity violations in the scalar correlator
Theoretical predictions
Mixed actions, even when related to each other by suitable matching conditions, violate unitarity at any non-vanishing value of the lattice spacing. Unitarity is then only restored in the continuum limit. So far, we have looked at unitarity violations in the pion decay constant at the matching mass and in mixed correlators. Here, we investigate yet another way of studying unitarity violations, through a quantity which is known to depend strongly on them and, in principle, allows to quantify their size -the flavour non-singlet scalar correlator. The reason is that within χPT, unitarity violations appear as unphysical double poles in the propagator, affecting strongly the flavour non-singlet scalar correlator even at the matching point, i.e. if the valencevalence (VV) pseudoscalar meson mass is matched to the sea-sea (SS) meson mass [70, 71, 72, 73] . In fact, the scalar correlator can turn negative in a mixed action setup which is clearly an unphysical behaviour. 6 In Ref. [65] , the constraint takes the form 2W M − W ′ 8 ≥ 0. However, W M in our notation receives a factor of 4 compared to the one defined in Ref. [65] . 7 The former value has been obtained using a different (indirect) method -by examining a meson state that wraps around the time boundary, instead of a direct extraction from mixed correlators.
The flavour non-singlet scalar correlator can be approximated by: [61] 
where B SP and B DP are the single and double pole bubble functions including finite volume effects [61] and the last terms describe contributions from scalar mesons (the lightest of which is a 0 ). The label VV in C VV sca (t) reminds that overlap valence quarks are used in the scalar correlator.
Assuming matching of pseudoscalar meson masses M VV = M SS,± , in the limit T → ∞, and at large Euclidean times t, the bubble contributions can be simplified to yield:
Identifying the LEC γ SS in Ref. [73] with
, one recovers, in the large t limit, the corresponding expression of Eq. (23) of Ref. [73] .
Lattice results
Due to the negative coefficients appearing in (26) it can be that the SS correlator becomes negative at large Euclidean times thus indicating a lack of unitarity. However, in order to isolate the different contributions to the violations of unitarity, it is useful to disentangle the effect of zero modes, which can have a potentially very large contribution to the SS correlator. This contribution is actually equal to the zero modes contribution to the PP correlator. As previously discussed, this is behind the choice of the improved matching condition, which allowed us to extract the pseudoscalar meson mass and decay constant by computing the PP-SS correlator, where the effect of zero modes is exactly canceled. In Fig. 12 , we show the scalar correlator for ensembles B ℓ and D ℓ . We have computed the index of the overlap Dirac operator for each configuration and we have calculated the SS correlator for all configurations with a given index. For large Euclidean times (i.e. in the region where Eq. (26) should be applicable), the SS correlator has a tendency to become more and more negative for configurations with an increasing number of zero modes, i.e. in higher topological charge sectors. When the correlator is evaluated on all configurations, the SS correlator is clearly negative, which signals unitarity violations. In order to determine the low energy constant W ′ 8 appearing in Eq. (25) , it is much safer to use larger volumes and quark masses, i.e. a situation when the contribution of zero modes is highly suppressed. Among our ensembles, B s has the desired properties and will be used to extract W ′ 8 . Another possibility is to restrict oneself to topologically trivial configurations. However, it is clear that the number of such configurations is rather small for each ensemble (between 10 and 20% of all configurations) and hence the signal is of poor quality, as can also be inferred from Fig. 12 directly. Moreover, taking only topologically trivial configurations means that the results of the ensemble average will differ from the full result (i.e. from all topological sectors) by power-like finite volume effects [35, 74] . Therefore, such an analysis will be used only as a cross-check and as an estimate of a systematic error related to our computation using ensemble B s .
Yet another way to proceed is to explicitly subtract the contribution of zero modes at the level of propagators. This is a potentially dangerous procedure with hard-to-control systematic effects. The SS correlator with explicitly subtracted zero modes (which we call SS subtr.) is shown in Fig. 12 . However, given the fact that the zero mode subtraction is a rather doubtful procedure, we will quote the value obtained with this method, but we will not take it into account in our analysis leading to the final value of W ′ 8 . We now describe our strategy to extract W ′ 8 from ensemble B s , using ensembles B ℓ , B h , C ℓ and D ℓ to estimate the systematic error. We fit Eq. (25), which has 3 fitting parameters: the LEC of interest -W ′ 8 , the amplitude of a 0 scalar meson contribution and its mass m a 0 (however, we do not attempt to extract the a 0 contribution quantitatively). In addition, we add a fourth fitting parameter -the overall normalization of the correlator N, into which we absorb unknown renormalization factors Z S . We work with symmetrized correlators and take into account the finite extent of the system by adding in Eq. (25) the terms with t → T − t.
The results of our fits for ensemble B s are shown in Fig. 13 . The dimensionless combination of LECs r (15) , where the error is statistical only. We now want to determine the systematic error, related to: residual discretization effects, finite volume effects, choice of the Euclidean time fit range and finite precision of the input parameters of our fits: aM VV = 0.1918(12) at the matching mass am ov = 0.017 (see Appendix A), aM SS,± = 0.19403 (50) 8 [44] , ∆ M ix (taken 8 Note that aM VV is not exactly equal to aM SS,± , which we take into account by including the difference M Table 7 : Error budget for our estimates of the combination of LECs r from the previous subsection), r 0 /a = 5.25(2), r 0 f = 0.259(11) [39] .
We address the errors related to discretization effects, finite volume effects and sea quark mass using our small-volume ensembles at 3 lattice spacings: B ℓ , C ℓ , D ℓ (at a pion mass of about 300 MeV) and B h (approximately 450 MeV). We illustrate fits for these ensembles in Fig. 14 . The remaining systematic errors were estimated using ensemble B s only and varying the respective quantities, in particular the fitting range. We have also checked the stability of our results with respect to including or excluding the 2 fitting parameters related to the scalar meson (a 0 , A). This gives fully compatible results (within the systematic error from the choice of the fitting range), however we are then limited to larger values of t/a. The summary of all systematic errors is presented in Tab. 7.
The final value that we quote is:
where the first error is statistical and the second systematic. This value can be compared to the recent determination (with twisted mass fermions) [75] from the connected contribution to the neutral pion correlator (Eq. (19)), which gives r 
where the meaning of the two errors is as above.
We also define quantities analogous to ∆ M ix :
With such definitions, the following relation holds: 
Light baryon masses
In order to investigate the effects of the mixed action setup in other observables, we have computed the nucleon and ∆ baryon masses in the mixed 9 If one considers the full (connected and disconnected contributions) neutral pion mass M SS,0 , the splitting M SS,0 − M SS,± is governed by a combination of LECs W action and the unitary setup. Given the numerical cost of the inversion of the overlap operator, we performed the analysis on the following subset of gauge ensembles generated on only small lattice sizes up to 24 3 · 48, B ℓ (β = 3.9), C ℓ (β = 4.05) and D ℓ (β = 4.20) that correspond to a fixed spatial extent of ≈ 1.3 fm and a fixed pseudo scalar mass of ∼ 300 MeV. Having three values of the lattice spacing available, allows us to study the continuum limit for the nucleon (N) and ∆ masses in both setups. The strategy followed to extract the baryon masses in this section follows closely the work on the light [79] and strange baryon spectrum [53] by ETMC. For consistency, we recall here the basic ingredients of the computation, the reader interested in more details is referred to the two aforementioned references.
The masses of the nucleon and of ∆ baryons are computed through the two-point correlators, using the following interpolating fields:
where C is the charge conjugation matrix. The quark fields u and d refer to the two degenerate flavours of quarks considered in this work. 10 While the operator J N carries spin 1/2 and couples only to states which have the quantum numbers of the nucleon, the operator J ∆ µ couples both to spin 1/2 and spin 3/2 states. Note, however, that in practical lattice computations the spin 3/2 dominates the correlator at large time [79] thus allowing for a clean extraction of the ∆ baryon. As in nature, the spin 1/2 partner is much heavier than the spin 3/2 state.
In order to improve the overlap between the ground state and the interpolating fields, we employ source and sink smearing of the quark fields. We use Gaussian smearing [80, 81] of the quarks field and APE smearing [82] of the gauge links entering in the Gaussian smearing procedure. We use the smearing parameters obtained in our previous works on baryon spectroscopy [79, 53] . Note that we use the same smearing parameters both in the twisted mass and overlap fermion cases.
In order to investigate the consequences of the various matching conditions discussed in Sec. 4, we use several valence overlap quark masses. The baryon masses are extracted from the asymptotic Euclidean time behaviour of the correlators:
The statistical errors are estimated using 1000 bootstrap samples. Concerning the topological finite size effects, isolating the zero mode contribution after the fermionic integration, the leading behaviour of Eq. (31) is:
as discussed in Ref. [83] .
We use the effective masses defined by:
where δ is the mass difference between the ground state and the first excited state. In Fig. 15 , we show examples of effective masses of the nucleon and ∆ in the mixed action setup. The results are obtained at the coarsest and the finest lattice spacing used in this work, corresponding to the gauge ensembles B ℓ (left) and D ℓ (right). The valence quark masses are fixed to the (improved) matching overlap quark masses summarized in Tab. 5 We fit the effective masses to a constant in the Euclidean time region where m N,∆ eff (t) become time independent. The corresponding fits are shown in Fig. 15 where the fit result is represented by horizontal black lines and their statistical errors by black dotted lines. The effective mass plots in Fig. 15 show that we can identify a plateau region, allowing us a good determination of the nucleon and the ∆ masses.
Results for the nucleon and ∆ masses in the unitary setup and in the mixed action setup (for am ov set to the matching mass) are reported in Tab. 9. We also show our results obtained for several valence quark masses in Fig. 16 for ensemble B ℓ (left) and for D ℓ (right) -each plot shows the overlap quark mass dependence of the nucleon mass (black dots) and the ∆ mass (blue triangles). The matching mass is indicated by a vertical dotted line, while the results obtained in the unitary setup are indicated by a yellow band with a width corresponding to the statistical errors. Note that for very low valence quark masses, below the matching quark mass, a plateau region in the effective mass can hardly be found. This explains why statistical errors become larger for very small overlap quark masses. The uncertainty to extract reliably effective masses in this region is also responsible for the somewhat irregular behaviour in Fig. 16 . As can be seen from the very good Table 9 : Summary of our results for for the nucleon masses am N and ∆ masses am ∆ . The superscript "TM" denotes the unitary setup, while "ov" denotes the mixed action setup. We also give the number of gauge field configurations N used for the measurements on each ensemble.
agreement of the baryon masses between the unitary and the mixed action setups, even in a regime where effects of chiral zero modes of the overlap operator are sizable in the pion sector, in the nucleon or ∆ mass case, the effects are negligible for our definition of the (improved) matching mass. Finally, we show in Fig. 17 the continuum limit scaling plot of the two baryon masses with three lattice spacings, in the unitary and mixed action case. All three ensembles have pion masses of ≈ 300MeV and the same volume of ≈ 1.3fm, so no interpolation in volume or quark masses is needed within our statistical accuracy to compare our results at different lattice spacings. For all ensembles, the results in the mixed action case and in the unitary case are compatible within errors in the continuum limit. Furthermore, in the two setups, the results for the nucleon and for the ∆ mass show only a small dependence on the lattice spacings. We perform a linear fit in a 2 represented by dotted lines (red in the unitary case and black in the mixed action one). The continuum extrapolated values are represented slightly shifted for better readability. 
Summary and prospects
In this paper, we have studied a particular example of a mixed action setup, namely valence overlap fermions on maximally twisted mass sea fermions. By adding a fourth and finer value of the lattice spacing than available to us earlier [27] , we were able to perform a continuum limit scaling test for the pion decay constant and to compare the unitary and mixed action theories. We found a continuum limit value of the pion decay decay constant that is in full agreement between the two theories and confirmed thus the conclusion of Ref. [27] that with an improved matching condition the dangerous effects arising from the mismatch of the chiral zero modes -between the chiral invariant overlap Dirac operator in the valence sector and the twisted mass operator in the sea -can be avoided Applying the same strategy for other observables for which we took the nucleon and ∆ masses, we found that also these quantities are not affected by the presence of the zero modes, once the improved matching condition is applied. This supports the interpretation reached in Ref. [27] that the improved matching condition leads to a proper matching of the sea and valence theories. In general, in the context of mixed actions, we nevertheless advocate to check the possible effects on physical observables of the mismatch of zero modes between valence and sea sectors, introduced by the use of a valence overlap Dirac operator.
We also performed a continuum limit investigation of the locality properties of the overlap Dirac operator. While at any non-zero value of the lattice spacing the overlap Dirac operator is exponentially localized, our study, employing four values of the lattice spacing, strongly suggests that a point-like localization is indeed recovered in the continuum limit. One essential element in our investigation was to compare the exponential decay rate of the norm of the overlap Dirac operator with hadronic scales, for which we took the pion and nucleon masses. We could demonstrate that for all values of the lattice spacing, the ratio of the hadronic masses over the decay rate is smaller than one and assumes a value compatible with zero in the continuum limit. Thus, the exponential locality of the overlap Dirac operator is not expected to distort the evaluation of these hadronic observables. We think that such kind of tests should be performed on hadronic physical quantities one is interested in, in order to monitor the possible distortions of the results by a finite decay rate of the overlap Dirac operator.
Finally, we compared our numerical computations of meson masses with predictions of mixed action χPT and extracted in this way some of the LECs which parametrize the mixed action chiral effective Lagrangian. We also provided evidence that there are indeed unitarity violations in the mixed action setup and we quantified these effects by computing the ∆ M ix and W ′ 8 parameters.
In summary, we believe that the results of Ref. [27] , in combination with the investigations performed in this work, can serve as a basis for future mixed action computations employing chiral invariant fermions in the valence sector: we advocate to use the improved matching condition proposed in Ref. [27] ; we suggest to test whether the localization rate of the overlap Dirac operator is sufficiently larger than the hadronic scale of interest; we further point to the possibility to use mixed action chiral perturbation theory to look at effects of a mixed action setup, allowing in particular to isolate the effects of unitarity violations. For this work, we have decided to test this expectation explicitly, employing an ensemble with large enough volume and pion mass. We have not performed a full continuum limit scaling test, since this is still very expensive computationally. Instead, we compare the values of f tm π and f ov π at the matching mass, expecting only a small difference that can be attributed to O(a 2 ) cut-off effects. Our ensemble, labeled B s has the following parameters: β = 3.9, L/a = 24, aµ = 0.0085, which corresponds to L ≈ 2 fm, m π ≈ 480 MeV in infinite volume and m π L ≈ 4.7. The latter is well above m π L = 4, the minimal product of the pion mass and spatial extent of the lattice that leads to negligible effects from the zero modes [27] .
In Fig. 18 , we show the matching of the pion mass between the unitary setup and the mixed action setup. We find equal pion masses (m Indeed, for the current ensemble of interest, the difference of around 7.7% is much smaller than for other ensembles at β = 3.9, with either a smaller physical volume, or a smaller pion mass (or both). While certainly this can not be treated as a proof that the role of the zero modes is negligible for this ensemble, we believe that this provides a clear hint that our interpretation of the role of the zero modes in our overlap/MTM mixed action setup is correct.
